Abstract. We characterize transversality, non-transversality properties on the moduli space of genus 0 stable maps to a rational projective surface. This characterization is based on the singularity analysis of the product of evaluation maps and deformation properties of the pointed stable maps. If a target space is equipped with a real structure, i.e, anti-holomorphic involution, then this transversality result has a real enumerative implication. One of the natural consequence of this result is Welschinger's invariant in an algebraic geometry category, which is about the global minimum bound of the number of real stable maps passing through certain real points in a general position on the target space.
Introduction
Let M k (X, β) be the moduli space of stable maps from a k-pointed genus 0 curve to X, representing a 2nd homology class β. Let [Υ 1 ], . . . , [Υ k ] be Poincaré duals to the homology classes represented by Υ 1 , . . . , Υ k , where Υ 1 , . . . , Υ k are pure dimensional varieties in the target space X. The Gromov-Witten invariants on M k (X, β) are defined as: i (Γ i ), i = 1, . . . , k, meets transversally for the general choices of the cycle's representatives Γ i . As it is well-known, the Gromov-Witten invariant has an enumerative implication if the target space is a homogeneous variety.
Let the target space X be a rational projective surface. Then, it is a deformation equivalent to either CP 2 , CP 1 × CP 1 or CP 2 blown-up at finite number of points A := {a 1 , . . . , a r } which we will denote it by rCP 2 . Those rational projective surfaces have natural real structures induced by a complex conjugation map on the complex projective spaces. That is,
Let rCP 2 come from blown-ups of CP 2 at A := {a 1 , . . . , a r }, where A is preserved by a complex conjugation on CP 2 . Then, rCP 2 has an obvious real structure which is induced by a complex conjugation involution on CP 2 . By a real projective variety, we mean a projective variety defined over C, having a real structure, i.e., an anti-holomorphic involution, on it. Let X be a real projective rational surface having a real structure described above. Then, we have a canonical real structure on M k (X, β) induced by a real structure on the target space. Since X is a real projective variety, M k (X, β) is also a real projective variety. See [Kwon1] . If we see M k (X, β), X as real varieties, then we can study an analog of an enumerative implication of the Gromov-Witten invariant in a real enumerative point of view. That is due to the real part, i.e., sublocus fixed by an anti-holomorphic involution, analysis in sec. 2.2.1. To see the real enumerative counterpart of the Gromov-Witten invariant, we consider only real cycles representatives, that is, real varieties representing the given ordered cohomology cycles. Then, different from a complex case, a number of intersection points ev
re varies depending on the chosen real Chow cycles representatives Υ 1 , . . . , Υ k , where M k (X, β) re is a real part of M k (X, β). But if each point in ev
re has an intersection multiplicity one, then the number of elements in that set doesn't vary by little perturbations of cycle's representatives Υ 1 , . . . , Υ k . Changes of a number of intersection points in ev
re happen only after some of the intersection points in that set have intersection multiplicities greater than one. So, it is important to study transversality properties.
The main results of this paper are the following Theorems about transversality properties. For the transversality results, we don't have to assume that target spaces have real structures described above. We will call a stable map having node singularities and a unique cuspidal singularity in its image curve as a cuspidal stable map and a locus consisting of cuspidal stable maps as a cuspidal stable maps' locus. We can deduce the codimension property of a cuspidal stable maps' locus from a degeneration property gotten by after we relate an open locus consisting of stable maps whose image curves are rational nodal curves with a classical rational nodal Severi variety. This is possible because stable maps in that open locus are birational immersions. Then, the cuspidal stable maps locus is a codimension one sublocus. By an equi-singular locus, we mean either a locus of the set of stable maps having the same type of singularities on image curves or a locus of the set of stable maps having a same number of irreducible components > 1 in the domain curves. The classification of the equisingular loci in M k (X, β) also comes from the classical results of , where M k (X, β) is a locus of pointed stable maps having irreducible domain curves. 
, where k > 3d − 1.
Suppose that the image of the stable map represented by p meets with all non-trivial Chow cycle's representatives Γ i transversally. Then, the intersection multiplicity at p is 2. Transversality uniformly fails along a cuspidal stable maps' locus.
An easy consequence of the Theorem 1.1 is the number of points in ev A variety is called a convex variety if H 1 (C, f * T X) vanishes for all arithmetic genus 0 curves C. A rational surface rCP 2 gotten by a CP 2 blown up at r points is the simplest example of a non-convex variety. But if we restrict ourselves to the moduli space of stable maps representing a non-exceptional divisor class, then the local structure at the point in M k (rCP 2 , d) is isomorphic to that of M k (CP 2 , d). H 1 (CP 1 , f * T X) vanishes in that locus. When we compactify the moduli space M k (rCP 2 , d), we get stable maps whose images intersect with exceptional divisors. Then, sometimes, H 1 (C, f * T rCP 2 ) doesn't vanish. Its effect is an increase of the actual dimension of the moduli space in some singular strata M k (rCP 2 , d) \ M k (rCP 2 , d). However, this locus is not an interesting locus to consider the intersection theoretic properties. To avoid some other arising issues related to this, we will consider only the Gromov-Witten invariant of cohomology classes represented by points, i.e., [point] ∈ H 4 (rCP 2 , Z). j is an exceptional 1 We consider the transversality properties on the equi-singular locus on which we can calculate intersection multiplicities. Thus, it eliminates the singular strata having reducible domain curves from our consideration.
divisor, j = 1, . . . , r. Then, the intersection multiplicity at p is 2. That is, a transversality uniformly fails along a cuspidal stable maps locus. A cuspidal stable maps locus is a unique equi-singular locus in M 3d−1 (rCP 2 , d), having a codimension ≤ 1 on which a transversality always fails.
Proofs of Theorem 1.1, Theorem 1.2 for I d ([point] , . . . , [point] ) case on the locus of stable maps having an irreducible domain curve, can be done in two ways. One way is from comparisons of local structures between the moduli space of stable maps we are considering and the partially compactified nodal Severi variety. Then, we see the regularity of the versal deformation space has an implication of transversality properties on the moduli space of pointed stable maps. The other way is from calculations of the rank of a differentiation of an evaluation map ev := ev 1 × . . . × ev k : M k (X, d) → X × . . . × X on each equi-singular locus. For this, we start from explicit calculations of the tangent space splitting and then express the differentiation of an evaluation map in a concrete way to decide a singular locus of ev map and to analyze the nature of singularities. Then, the deformation properties decided by the singularities' nature in the image curve of the stable map have implications on transversaity properties. We can show that the transversality property on the codimension one equi-singular locus having two irreducible components in the domain curve cannot be established by a rank calculation of dev and the deformation property to the normal direction. Transversality results for general cohomology classes come out easily from the similar arguments.
Let X be a real rational projective surface. Then, the implications of Theorem 1.1, Theorem 1.2 to the real part M k (X, d) re of the moduli space of stable maps is the existence of chamber and wall structures. For an intuitive understanding, I include explanations with a Gromov-Witten invariant I d ([point] , . . . , [point] ) for the moduli space of stable maps having target space CP 2 . In this case, the ordered real cycle's representative space is
re is a real part of the cuspidal stable maps locus. And the wall in RP 2 × . . . × RP 2 is the image of the cuspidal stable maps locus by an ev map, which is also a codimension one locus. Chambers are the regions divided by walls. When we vary cycle's representatives within a chamber, the intersection points of inverse images by ev i , i = 1, . . . , 3d−1, keep an intersection multiplicity one and never meet with any wall in
, then one of the points in ev
Depending on the direction of a perturbation of (a 1 , . . . , a 3d−1 ) to the outside of the wall, the number of elements in the intersection points is either increased or decreased by one.
Other natural consequence of Theorem 1.1, Theorem 1.2 is a Welschinger's invariant in an algebraic geometry category. That invariant provides a minimum bound of a number of elements in ev
re , where a i , i = Figure 2 . chambers, paths in the real part of the moduli space and the real 0-cycles' representative space: loosing two real stable maps 1, . . . , 3d − 1, are points in a general position. The Welschinger's invariant is from a topological nature of a cuspidal singularity. Details of the topological property is explained in sec. 2.2.2.
The chamber notion can be extended to a generalized cycles parameter space. Although we don't have a global enumerative invariant on M k (X, d) re , we can assign a number on each chamber, counting the number of points in ev
re for ordered real cycle's representatives Γ i , i = 1, . . . , k, represented by points in a cycles parameter space. We will call that number of intersection points, which is an invariant within a chamber, as a real Gromov-Witten invariant on that chamber. See sec. 2.2.3 for details of a definition.
Practical methods to calculate real Gromov-Witten invariants come from a tropical geometry. But for a tropical geometry calculation, we need a polynomial form's data which expresses the stable map's image curve as a zero set of a polynomial. So, we need to understand a concrete relation between a classical rational nodal Severi variety and an open subspace of the moduli space of stable maps from genus 0 curves. Roughly, the stable map corresponding to a rational nodal curve is a normalization map. Since that normalization map is a birational immersion which is an embedding outside of the inverse image of node singularities on the image curve, we get a natural marked point replacement. Example 2.1 shows how we can relate the tropical calculational results with the result in the moduli space of stable maps. The minimum bound of the real Gromov-Witten invariants for I d ([point] , . . . , [point]) case can also be calculated by using a tropical geometry. See [IKS] , [Mik] . For example, the result in [Mik] , counting degree 4 real rational nodal curves passing through 11 points in RP 2 , can be interpreted that there exists a chamber whose real Gromov-Witten invariant is 564. Theorem 3.6 in [Sot] is about the existence of 8 configuration points in RP 2 such that all rational nodal curves passing through those points are real curves, and the minimum bound of a number of real rational nodal curves passing through 8 real configuration points in a general position. In our setting, that explains that there exists a chamber whose real Gromov-Witten invariant is 12. That is, there exists a chamber in RP 2 × . . . × RP 2 such that all points in ev One of the possible application problems of this paper may be the following problem. I invite challenging readers to attempt to resolve the following real enumerative problem:
Prove or disprove there are 11 real configuration points in CP 2 such that all degree 4 rational nodal curves passing through those configuration points are real curves.
The paper is organized as follows: The Section 2 aims to give a preliminary for an establishment of real version's GromovWitten invariants in the subsequent sections. The real version's Gromov-Witten invariants are depending on the chosen real cycle's representatives. So, studies about the dependency of ordered cycle's representatives are required. This direction's study is about (non-)transversality properties. For that purpose, we redescribe the Kontsevich's original work on establishing the Gromov-Witten invariant in an intersection theoretic point of view. We show that the rational nodal Severi variety is embedded into the moduli space of stable maps, on which the enumerative meaning holds, i.e.,
• The natural forgetting map from
3d−1 (a 3d−1 ) to the rational nodal Severi variety's embedded locus.
3d−1 (a 3d−1 ), where a 1 , . . . , a 3d−1 are points in a general position.
We describe concrete correspondences between the rational nodal curve and the stable map, and compare the local geometry of the rational nodal Severi variety and that of the moduli space of stable maps.
In Section 2.2.1, we state the results in [Kwon1] about the real aspects of the moduli space of stable maps when the target space has a standard real structure.
In Section 2.2.2, we establish the real version of Gromov-Witten invariants, counting real stable maps passing through the chosen 3d − 1 real points, when the target space is CP 2 . For this, we study the local geometry of the moduli space of pointed stable maps and establish transversality and non-transvesality properties. These transversality and non-transversality properties give a complete characterization of the chamber and wall notion. As a natural consequence, we derive the Welschinger's invariant.
In Section 2.2.3, 3.1, 3.2, we establish the real version of Gromov-Witten invariants for general real cycle's representatives and for a rational surface target space. The nontransversality property along a cuspidal stable maps locus holds on the moduli space we consider in these sections. And it contributes to the wall notion. But different from the I β ([point], . . . , [point] ) case, that non-transversality property along a cuspidal stable maps locus doesn't characterize the wall notion. And the non-transversality property may occur on the nodal stable maps locus because of tangency conditions.
Throughout the paper, we will assume a degree of the stable maps is greater than or equal to 3 if the target space is CP 2 or rCP 2 . But tangent space splitting calculations done in Section 2.2.2 are for all degree d. And we will use a notation d when we consider
Most of the results in this paper hold in symplectic category. Those will appear in [Kwon2] . For rCP 2 target space, the cases which are not discussed in this paper will be written in [Kwon3] .
Acknowledgement: Although I am the one who wrote all parts and did all downto-earth treatments by myself, the originator of this paper is Gang Tian who wanted to write this paper as his own work. He is a hidden coauthor who gave up his authorship at the final stage of this paper after he played his role as a coauthor until that point because he didn't have enough time in reading all details for proceeding his current project. My efforts to make this paper were on combining the Kontsevich's original work to define a Gromov-Witten invariant to Tian's deep observations about a nontransversality property and its relation with the underlying local geometry of the moduli space to establish a real version of Gromov-Witten invariants. The way to establish a real version of Gromov-Witten invariants is from Tian's ideas. I appreciate many suggestions and comments he gave me from an earlier version of this paper and his generosity to temporarily render his own interesting project problem and his ideas with promises for unlimited mathematical conversations and helps to me. I appreciate Bill Fulton for his suggestion to contact Gang Tian. I am pleased to thank JeanYves Welschinger, Ilia Itenberg, Viatcheslav Kharlamov for explanations about their works, Sheldon Katz, János Kollár for helpful e-mail correspondences, Selahi Durusoy for drawing helps and installing a software ipe draw in my computer, Selman Akbulut, Frank Sottile for some suggestions, Michael Shapiro for helpful conversations, CheolHyun Cho for his interest in this work. This work was done when I was a postdoc fellow at MSRI. I thank MSRI for providing nice working circumstances. The moduli space M n (X; β) of stable maps (f, C, p 1 , . . . , p n ) from a genus zero curve with n-marked points consists of the equivalent classes of stable maps (f, C, p 1 , . . . , p n ) satisfying the following conditions by its definition; (1)f * ([C]) represents the homology class β in H 2 (X; Z); (2) The arithmetic genus of a domain curve is zero ; (3) (stability condition) If the domain curve C has some irreducible components C 
The i-th evaluation map ev i is a morphism from M n (X; β) to X, sending [(f, C, p 1 , . . . , p n )] to f (p i ), where [(f, C, p 1 , . . . , p n )] is a point in M n (X; β), representing a pointed stable map f : (C, p 1 , . . . , p n ) → X.
The i-th forgetting map F i is a morphism from M n (X; β) to M n−1 (X; β) defined by
. . , p n ) becomes unstable on the component containing p i after we forget an i-th marked point p i , then we have two cases: -The unstable component has one gluing point and one marked point.
-The unstable component has two gluing points and no marked point. In both cases, the restriction of f to that unstable component is a degree 0 map.
-For the first case, we contract the unstable component to the gluing point and the marked point on the unstable component is placed on where the gluing point was. -For the second case, we contract the unstable component.
The space of all plane curves of degree d is a projective space CP N , where N =
A geometric genus of a plane nodal curve is the sum of an arithmetic genus on each component after we desingularize all nodes.
A rational nodal Severi variety N S d (of degree d) is the locus in the above CP N , of reduced, irreducible curves of degree d, having only nodes as singularities, and having geometric genus zero.
Remark 2.1. An adjunction formula shows that each element in N S d represents nodal curves having 
whose images go to the nodal singularities loci on each fibre. To get a stable family of degree d maps, we do blow-ups along the images of sections s i . Then, the strict transform N C for the universal curve N C over the rational nodal Severi variety N S d and the natural morphism induced by the natural projection map from the blown- 
Note that the dimension of the rational nodal Severi variety N S d and that of the moduli space M 0 (CP 2 , d) are the same. And different elements in N S d represent different irreducible curves in CP 2 . Thus, the morphism from the quasi-projective variety
In fact, the image N L of this morphism is in the automorphism free locus which is a nonsingular fine moduli space in M 0 (CP 2 , d). See Theorem 2 in [F-P] . To show the second part of the Proposition, we consider the forgetting map Let µ a be the restriction map of µ to the desingularized fiber N C a of the rational nodal curve over the geometric point a ∈ N S d . Consider the pull back µ * a T CP 2 of the
a locally free sheaf of a rank one over the smooth rational curve N C a , having degree 3d − 2 because µ a is an immersion. Therefore, the rank of
d parameterizes a reduced irreducible rational nodal plane curves in CP 2 , the universal family of curves N C in N S d × CP 2 over N S d has a normalization N C such that each fibre simultaneously normalizes a rational plane curve represented by a point in N S d . So, as in the proof of Proposition 2.1, we may consider N S d as a space parameterizing a family of maps from smooth genus 0 domain curves to a fixed target space CP 2 . The Kodaira-Spencer map relates an element in the tangent space at a ∈ N S d to a global section of the normal sheaf in H 0 ( N C a , N a ). The Kodaira-Spencer
]. Thus, they are isomorphic because of a standard dimension calculation in Remark 2.1. This isomorphism implies that the local deformation of a plane nodal curve represented by a point in N S d is characterized by elements in
To see the tangent space structure at the corresponding stable map f :
we recall the tangent space to the stack
, O N Ca ). That group can be understood by the long exact sequence for Ext.
The domain curve N C a we are considering is smooth because it comes from a normalization of an irreducible nodal curve. Vanishing of the last term Ext
, O N Ca ) can be shown from the following local to global spectral sequence
by noting the following two facts:
is supported by nodes in N C a and N C a is a smooth irreducible curve.
ishes since the degree of T N C a is 2.
Hence, the tangent space Ext
is the space of the first order deformations of the map f when the domain and the target space are rigidified. Thus,
, O N Ca ) is the first order deformation of the map f when we ignore the domain curve's automorphism part which is about the equivalence relation of stable maps represented by a point in the moduli space M 0 (CP 2 , d). So, the tangent space Ext
which is the tangent space of the nodal Severi variety N S d at a geometric point a representing the nodal curve N C a .
Although we presented geometric explanations to show an isomorphism, the isomorphism itself can be easily checked by the short exact sequence induced from the exact sequence of sheaves 0
is the tangent sheaf of N C a . This shows that there are not only a natural stable map correspondence for a given reduced rational nodal curve in CP 2 as explained right after Remark 2.1 but also an equivalence of local deformations, i.e., their first order deformations are the same. 
where n is the number of the nodes in an irreducible, reduced, rational nodal curve, i.e.,
) be the moduli space of stable maps from genus zero curves to a general target space X. Then, every morphism f : CP 1 → X can be written as CP
where h is birational onto its image. Hence, in general, the image curve's deformations or degenerations don't give all information about the corresponding stable map's deformations or degenerations. See [Kol, p105] . Nevertheless, we can apply DiazHarris's results to the moduli space of stable maps to describe degenerations from N L because g is an identity map, h is a birational immersion for each stable map represented by a point in N L, and the local geometry of the nodal Severi variety Proof. The first three results about stable maps having irreducible domain curves come out from Proposition 2.1 and Theorem 2.1. And the last case is a well-known codimension one locus whose codimension can be easily seen by a K-group calculation of the virtual tangent space from a tangent obstruction complex. 2
Let the partially compactified nodal Severi variety PN S d be a nodal Severi variety compactified with a cuspidal curves locus, a tacnode curves locus, a triplenode curves locus. We compare the geometry of the partially compactified nodal Severi variety Note that M 0 (CP 2 , d) is an orbifold having finite quotients. However, the neighborhood of the cuspidal curves locus in the partially compactified space PN S d of the nodal Severi variety looks like the product of a cuspidal curve and a smooth 3d−2 dimensional variety. The cuspidal curve in the product is from a rational nodal curves' degeneration to the cuspidal curve along the discriminant locus in the two dimensional affine slice in the space
, of degree d curves. The smooth 3d − 2 dimensional variety in the product is the cuspidal curves locus. Thus, the partially compactified nodal Severi variety PN S d cannot be embedded into the moduli space M 0 (CP 2 , d) any more. The reasons are from the type of singularity that partially compactified nodal Severi variety has and from the fact that the universal family of curves over the partially compactified nodal Severi variety doesn't have a normalization which simultaneously normalizes the curves in the universal family of curves. But we can show that we can embed the normalization of the
Then, the normalization of the universal family N C of curves over N S d which was done in the Proposition 2.1 cannot be extended to the whole universal family UC of curves over the
PN S
d because of the cuspidal curves locus. Let PN S d be a normalization of PN S d . Then, we have a globally well-defined normalization UC of UC, after we normalize the parameter space PN S d for the universal family of curves UC and then form the universal family of curves over it , again which we will denote it by UC, by pulling back the universal family of curves
This gives us a flat family of stable maps (π : UC → PN S d , µ) as in the proof of the . When we add the tacnode curves locus, the triplenode curves locus to N S d , the parameter space is still smooth equipped with the universal family of curves having simultaneous normalization of the curves in the universal family. This induces a flat family of stable maps to CP 2 and a natural embedding to the smooth fine moduli locus in M 0 (CP 2 , d). The first part of 2. was already proved right before the Lemma. The second part of 2. comes from the geometry near the cuspidal curves locus which was a product of the cuspidal curve and a cuspidal curves locus since a geometry near the cuspidal stable maps locus is a product of a normalization of the cuspidal curve and the cuspidal stable maps locus. 2
As it is well-known, the Gromov-Witten invariant counts the irreducible rational nodal curves passing through 3d − 1 general points in CP 2 . We explain the reason. The explanation will help readers' concrete interpretation of the calculations done by tropical geometry on the moduli space M 3d−1 (CP 2 , d).
Example 2.1. Let's consider the nodal Severi variety N S d and a point a 1 in CP 2 . Then, the set of rational nodal curves passing through the point a 1 forms a codimension one subvariety in N S d because the local deformation of the nodal curve NC is characterized by H 0 (NC, N) while the local deformation of NC passing through the point a 1 is characterized by H 0 (NC, N(−a 1 )), where N is Coker( dµ : T NC → µ * T CP 2 ), µ is a normalization map of NC. Similarly, each time we add the condition on the points in a general position, say, a 1 , . . . , a k in CP 2 , we get a subvariety having a codimension k. Due to the dimension of the nodal Severi variety N S d , the variety passing through the general points a 1 , . . . , a 3d−1 has a trivial dimension, that is, discrete points. The number of the connected components is the number of rational curves passing through the chosen 3d − 1 points. The number of the connected components doesn't vary depending on the choice of the 3d − 1 general points. Without loss of generality, we may assume that any of the chosen 3d − 1 points don't lie on the node singularities because that type of rational nodal curves forms a closed subvariety. Recall that the corresponding stable map is a birational immersion which is an embedding on the outside of the inverse images of the node singularities in the image curve. Hence, the inverse image of the point a i in the chosen 3d − 1 points lying on the rational nodal curve is unique in the domain curve of the stable map. After we replace the inverse image by an ith marked point in the domain curve, we get exactly the same number of the stable maps in M 3d−1 (CP 2 , d) whose i-th marked point goes to a i . This is consistent with the enumerative interpretation of the Gromov-Witten invariant of the homogeneous variety in [F-P, Sec.7].
Transversality property on
) and its real enumerative implications. .
Real aspects of
We summarize the results from [Kwon1] about real aspects of M k (CP 2 , d). The properties stated here hold for a general target space X which is a real projective variety, having a real structure induced by a standard complex conjugation involution on CP n .
As it is written in the Introduction,
) is a real variety whose involution comes from the complex conjugation map on the target space CP 2 .
) has the following properties as a real variety:
. . , k, are real maps, that is, they commute with the involution on M k (CP 2 , d) and CP 2 .
• All forgetting maps are real maps.
• The real part M k (CP 2 , d) re consists of the real stable maps having real marked points on the real part of the domain curve, i.e., the part fixed by an antiholomorphic involution, if k ≥ 3. Here, a real stable map is according to a standard complex conjugation involution on a domain curve and a target space. The real part analysis is subtle because we consider the real aspects of the moduli space which is defined on the complex category. So, an equivalence relation is from that of M k (CP 2 , d) which is defined by a complex sense's diffeomorphism on the pointed domain curve. The above statement about a real part analysis means if a given pointed stable map (f, C, a 1 , . . . , a k ), which is not necessarily a real pointed, real map, is represented by a real point in M k (CP 2 , d), then there is a complex sense's equivalence with some other real pointed, real map (f
Although we cannot say that a pointed stable map (f, C, a 1 , . . . , a k ) is represented by a non-real point in M k (CP 2 , d) because either the marked points are on the non-real part of the domain curve or f is not a real map, we know that the image of the stable map is always a real variety in
On the other hand, if we consider M 0 (CP 2 , d),i.e., the moduli space without marked points, then sometimes, a point in the real part M 0 (CP 2 , d) re doesn't have to have any real map representation. But for our purpose, this subtle point is not important because the cases we will consider require more than 3 marked points. More details of the properties are found in [Kwon1] .
Let Λ 1 , . . . , Λ k be pure dimensional real varieties in CP 2 corresponding to the cohomology classes d 1 , . . . , d k such that
• Λ i has a non-empty real part,
• the inverse images, ev
The quantity of that set equals to the Gromov-Witten invariant. Points in Λ ∩ M k (CP 2 , d) re represent real stable maps whose i-th real marked point goes to the real part of Λ i . Hence, the number of points in Λ ∩ M k (CP 2 , d) re has real enumerative implications. However, that number varies depending on the choices of the real varieties Λ i representing d i . The invariant aspect of the number of points in
re is a Z/2Z-module version's number. Therefore, if the transversality fails by moving cycle's representatives continuously, then they make even multiplicities' intersection points. In fact, that happens when a stable map fails to be an immersion in our case. 
Transversality properties for the Gromov-Witten invariant
(f * Ω 1 CP 2 → Ω 1 CP 1 (a 1 + . . . + a k ), O CP 1 ). Lemma 2.1. Let [(f, CP 1 , a 1 , . . . , a k )] be a point in M k (CP 2 ,
d) whose domain curve is irreducible and represents a stable map
Proof. The long exact sequence associated to the hyperext group
It comes from an exact sequence from the local to global spectral sequence
) because the first order of smoothing is supported by nodes and independent of marked points. Thus, it vanishes.
Thus, we get a splitting of a tangent space
The result follows from K-group calculations associated to a long exact sequence induced from the following two short exact sequences of sheaves:
The first term comes from ( 2), representing the tangent space at [(CP 1 , a 1 , . . . , a k )] in the Delign-Mumford moduli space M 0,k . Note that f (CP 1 ) is a point in CP 2 because of the degree of f . There are two ways to reproduce the same tangent space splitting. We explain both.
(i) From Lemma 2.1:
(ii) From the tangent obstruction complex ( 1 ) 
. This is the space of first order deformation of a smooth pointed variety. If we do a K-group calculation, then its intuitive meaning becomes even clearer. Recall that k ≥ 3. The long exact sequence induced from ( 3) gives an isomorphism between the tangent space and
. So, the deformation factors may be described as marked point's deformations up to the domain curve's automorphism. In fact, H 0 (CP 1 , T CP 1 ) is a Lie algebra of P GL(2, C). 2
Let ev be a morphism from 
is generated by global sections and f is an immersion, so, none of df | a i (v i ) vanishes if v i is non-zero, i = 1, . . . , 3d − 1. Since the dimension of the domain and that of the target space of an ev map are the same, a surjectivity implies a local isomorphism.
2 3d−1 (p 3d−1 ) have intersection multiplicities one. Proposition 2.3 implies that if a point p in the intersection points is a nodal stable map, then the intersection multiplicity at p is one.
The reason comes from the following facts:
• The transversality is an open condition.
• Proposition 2.3 implies that any chosen perturbation of α in a small open analytic chart makes exactly one corresponding perturbed point in perturbed intersection points in a small neighborhood of p .
More precisely, any chosen vector in 
. . ⊕ T a 3d−1 CP 1 and so, a uniquely corresponding pointed nodal stable map. This stable map corresponds to the moved intersection point in the inverse images of the perturbed Chow 0-cycles' representatives. Openness of the transversality property asserts that this cannot happen if p is a point whose intersection multiplicity is greater than one because a little perturbation of cycle's representatives will make that point split into a multiplicity amount of intersection points. Thus, Proposition 2.3 has an implication about a transversality property on the open sublocus; nodal stable maps locus.
Remark 2.3. It is easy to see that a tacnode stable map and a triplenode stable map are immersions by considering blowing up operations and their strict transforms which give the corresponding stable maps. Different from a nodal stable map f :
induces the same type of stable maps. That is, a Kodaira-Spencer map is not onto. The reason is from a nature of a tacnode, a triplenode. See [H-M, p110] . However, a differentiation of an evaluation map ev is still surjective at those points because those maps are immersions and so, don't create any skyscraper sheaf which makes a non-trivial cokernel due to a singularity's nature. See the proof of Proposition 2.4. Thus, a transversality property can be extended to a tacnode stable maps locus and a triplenode stable maps locus. Proposition 2.3 explains that the target space of ev may be locally identifiable with a deformation space of a pointed nodal stable map. A trivial cokernel implies there is no obstruction in deforming a given pointed stable map. In a general situation, a cokernel on the target space of ev map measures an obstruction of a map deformation. That corresponds to a critical point of ev map.
Let [(f, CP 1 , a 1 , . . . , a 3d−1 )] be a stable map having exactly k singular points p i , i.e., df | p i = 0, i = 1, . . . , k, whose images at those points are cuspidal singularities on f (CP 1 ) ⊆ CP 2 . Consequently, we get a skyscraper sheaf τ i in N supported by a point p i , where N is a Coker(T CP 1 → f * T CP 2 ). Thus, we have two natural short exact sequences of sheaves.
We will call NB k as a normal bundle of a stable map having k-cuspidal singularities. The degree of NB k is (3d − 2) − ♯(cuspidal singularities). Recall that we called a stable map whose image contains two type of singularities; exactly one cuspidal singularity, node singularities, as a cuspidal stable map.
In Lemma 2.2, Lemma 2.3, the stable map f will be either an immersion, i.e., k = 0, or a map having exactly k singular points of f , whose image has cuspidal singularities at those singular points.
Lemma 2.2. The kernel of the dev map at
Since a i is a non-singular point of f , df | a i (v) doesn't vanish if v ∈ T a i CP 1 is not a trivial vector. s | a i and df | a i (v i ) are independent vectors if they are non-trivial. Now, it is easy to see that the kernel of dev is
If f is an immersion, then H 0 (CP 1 , N(−a 1 − . . . − a 3d−1 )) is trivial. So, we get other way to prove the Proposition 2.3. If f is a stable map having cuspidal singularities on the image curve, then the kernel of dev is supported by the skyscraper sheaves 
, where NB k is the normal bundle of the stable map f and a i is a non-singular point of f .
Proof. Since the kernel of dev is
Let
). Therefore, the cokernel is the quotient space of N a 1 × . . . × N a 3d−1 . And it is isomorphic to the coker of dev
Observe that N a 1 × . . . × N a 3d−1 is isomorphic to H 0 (CP 1 , NB k ), where NB k is a skyscraper sheaf supported by a i whose fibers are the fiber of NB k at a i , i = 1, . . . , 3d−1. Thus, the coker of dev | [(f,CP 1 ,a 1 ,...,a 3d−1 )] may be calculated by using a long exact sequence induced from a short exact sequence of sheaves 0 → NB k (−a 1 − . . . − a 3d−1 ) → N → NB k → 0 and the convexity condition of the moduli space. More precisely, an application of the following two facts to the long exact sequence
leads the desired cokernel isomorphism:
) vanishes because the degree of NB k is less than 3d − 1.
• The long exact sequence induced by an exact sequence of sheaves: 
..,a 3d−1 )] is tangential to C and τ is normal to C. A simple dimension count shows dev | T C linearly maps onto the codimension 1 sublocus in
By Proposition 2.2, we know that the cuspidal stable maps locus belongs to a smooth fine moduli locus in M 3d−1 (CP 2 , d). Thus, τ characterizes a first order deformation space which is normal to the cuspidal stable maps locus.
Lemma 2.2 shows that the kernel of the dev map is τ . Lemma 2.3 says that the cokernel of the dev map is H 1 (CP 1 , NB(−a 1 − . . . − a 3d−1 )) whose rank is one. This shows that the cuspidal stable maps locus forms a critical point set.
The ramification degree comes from a local geometry around the singularity of f . By applying the Kodaira-Serre duality, we get an isomorphism between H 1 (CP 1 , NB(−a 1 − . . .−a 3d−1 )) and
, where ω CP 1 is a dualizing sheaf on CP 1 and [NB(−a 1 −. . .−a 3d−1 )] * is a dual vector bundle for [NB(−a 1 −. . .−a 3d−1 )]. Since f is a normalization of the image curve f (CP 1 ), there is a degree 2 ramification from a tangent space T c CP 1 at c to the tangent cone direction τ in the image curve, where c is a singular point of f . Since the dualizing sheaf ω CP 1 for CP 1 comes from a cotangent bundle, this ramification around c induces a natural degree 2 ramification map from τ ∼ = τ * to ω CP 1 . Since the bundle ω
is generated by a single generator. The local ramification map from τ ∼ = τ * to ω CP 1 induces a ramification map of degree 2 from τ to
Remark 2.4. 1. In a section 2.1, we deduced a codimension property of the cuspidal stable maps locus C by relating a subspace of M 0 (CP 2 , d) to the partially compactified classical nodal Severi variety. Different from other equi-singular loci, the codimension of C is easily seen because of the existence of a singularity. The rank of H 1 (CP 1 , N(−a 1 − . . . − a 3d−1 )) shows a codimension condition of the cuspidal stable maps locus. Proposition 2.4 implies that C is a smooth variety. This is consistent with the description about cuspidal curve's locus in the partially compactified nodal Severi variety in [D-H 1, p3] and Proposition 2.2. 2. Let's consider a set of cuspidal stable maps having one of the marked points, say a 3d−1 , at the critical point, i.e. df | a 3d−1 = 0. Then, that set is a smooth subvariety of codimension 2. The reason is a differential map dev at [(f, CP 1 , a 1 , . . . , a 3d−1 )] restricted to
where NB is a normal bundle of a cuspidal stable map. Vanishing of the differential df at a 3d−1 implies the above linear map's image has a codimension 2. The restriction of dev to τ induces a ramification map to the subspace of T a 3d−1 CP 2 , which is a tangent cone at the cuspidal singularity of f (CP 1 ). So, it doesn't increase the dimension of the image of dev. 3. Proposition 2.3, Remark 2.3 , Proposition 2.4 says the followings are equivalent conditions
where N is Coker(df :
Let C be a pointed reducible curve, having two, pointed irreducible components (C 1 , z 1 , . . . , z r ), (C 2 , w 1 , . . . , w s ). Let q 1 ∈ C 1 , q 2 ∈ C 2 be (pre)gluing points. Then, a pointed stable map (f, C, z 1 , . . . , z r , w 1 , . . . , w s ) can be written as ((f 1 , (C 1 , q 1 ), z 1 , . . . , z r ), (f 2 , (C 2 , q 2 ), w 1 , . . . , w s )).
Lemma 2.4. The tangent space splitting at
where N i is a Coker(df i : T C i → f * T CP 2 ), i = 1, 2, and T f (q) CP 2 is a skyscraper sheaf supported at f (q), q is a node in C.
Proof. We have to repeat the similar calculations we have done in Lemma 2.1. From the long exact sequence associated to the hyperext group
we get the following tangent space splitting at (f, C, z 1 , . . . , z r , w 1 , . . . , w s ):
. A standard fact we will use in the following calculations is Hom(Ω
are the sheaf of derivations gotten by the pushforward of the sheaf of vector fields on C := C 1 ∪ C 2 vanishing at the inverse images q 1 , q 2 of the node in C. Let π : C → C be a normalization map.
We calculate the splitting of each term first.
we use the short exact sequences of sheaves:
to get the following K-group equation
by ( 6), ( 7).
For H 0 (C, f * T CP 2 ), we use the short exact sequence of sheaves
to get a K-group equation
For
, we use an exact sequence from the local to global spectral sequence in Lemma 2.1 to get
Lemma follows by putting all terms to ( 5). 2
Remark 2.5. 1. We include the tangent space splitting at [(f, C, z 1 , . . . , z r , w 1 , . . . , w s )] := [((f 1 , (C 1 , q 1 ), z 1 , . . . , z r ), (f 2 , (C 2 , q 2 ), w 1 , . . . , w s ))], when either f 1 or f 2 is a degree 0 map. All calculational methods are very similar to what we have seen in Remark 2.2. Let's assume that f 2 is degree 0 map. Then, the tangent space splitting is:
2. The tangent space splitting at [((C 1 , q 1 ), z 1 , . . . , z r ), ((C 2 , q 2 ), w 1 , . . . , w s )] in the Delign-Mumford moduli space M 0,r+s is :
where C 1 , C 2 are irreducible and they are glued by gluing points q 1 , q 2 .
Remark 2.6. We see the intuitive meaning of each term in the tangent space splitting at (f, C, z 1 , . . . , z r , w 1 , . . . , w s ) := ((f 1 , (C 1 , q 1 ), z 1 , . . . , z r ), (f 2 , (C 2 , q 2 ), w 1 , . . . , w s )) in Lemma 2.4. All terms except T q 1 C 1 ⊗ T q 2 C 2 come from deformations within a codimension one stratum.
The terms in H
. . ⊕ T ws C 2 are about the deformations of the pointed stable maps on each irreducible components.
Those deformation factors consist of the stable map deformations on each irreducible components and the marked points deformations. Those two type of deformations contribute as independent variables. The terms in T q 1 C 1 ⊕ T q 2 C 2 ⊖ T f (q) CP 2 are related to the conditions restricting ourselves to the given codimension one stratum when we understand the codimension one strata locally as a subspace in M r+1 (CP 2 , d 1 ) ×M s+1 (CP 2 , d 2 ), coming from (ev 0 ×ev 0 ) −1 (a, a), i.e., S := { ((f 1 , (C 1 , q 1 ), z 1 , . . . , z r ), (f 2 , (C 2 , q 2 ), w 1 , . . . , w s )) | f 1 (q 1 ) = f 2 (q 2 )}. Note that dev 0 × dev 0 :
is a submersion and the kernel of dev 0 × dev 0 belongs to the tangent space of S, where f (q 1 ) = f (q 2 ). So, this explains the terms in
2 . The term T q 1 C 1 ⊗T q 2 C 2 is about the deformation normal to the stratum, i.e., smoothing node deformation.
Remark 2.7. All calculations we have done in Lemma 2.1 and Lemma 2.4 and the results of the tangent space splitting may be generalized to any target space X which is convex and dimX ≥ 2 if the domain curve's arithmetic genus is 0, by replacing the target space CP 2 by X. We can calculate the tangent space splitting at any point in the moduli space of stable maps by doing the similar calculations we have done in Lemma 2.4 and induction arguments. The general version of the Lemma 2.1 at any point [(f, C, z 1,1 , . . . , z 1,k 1 , . . . , z r,1 , . . . , z r,kr )] in the moduli space
where k = k 1 + . . . + k r , r is the number of irreducible components C 1 , . . . , C r on the domain curve C, k i is the number of marked points in i-th component, g is the total number of singular points, i.e. gluing points, in C, b s ,s = 1, . . . , g, is a singular point in C, (p s , q s ) is a pair of points in C i , C j , i = j such that p s ∈ C i , q s ∈ C j , which goes to the same gluing point b s in C when we consider a normalization map from ⊔ r i=1 C i to C. For notational convenience, we use C to represent any one of the components in C 1 , . . . , C r containing p s , q s rather than specifying which C i , C j contains p s , q s respectively. I leave the details of the calculations to readers.
Remark 2.8. Repeated uses of transversality properties produce the same calculational results in tangent space splitting in a symplectic category. Details of the calculations will be written in [Kwon2] . The tangent space splitting results in [Kwon2] will be expressed by using Shevchishin's D-cohomology groups.
Without loss of generality, we may assume that f 1 , f 2 in the following Proposition are immersions. Let [(f, C, z 1 , . . . , z r , w 1 , . . . , w s )] := [ ((f 1 , (C 1 , q 1 ), z 1 , . . . , z r ), (f 2 , (C 2 , q 2 ), w 1 , . . . , w s ))] be an element in S, where f i is an immersion of degree C, z 1 , . . . , z r , w 1 , . . . , w s )] has a rank strictly bigger than one if r or s are strictly less than 3d 1 − 2, 3d 2 − 2 respectively.
(ii) The differentiation of the evaluation map ev vanishes at [(f, C, z 1 , . . . , z r , w 1 , . . . , w s )] if r = 3d 1 − 1 or 3d 1 − 2. And the ramification index at that point is zero.
Proof. The subspace T q 1 C 1 ⊗T q 2 C 2 in the tangent space at [(f, C, z 1 , . . . , z r , w 1 , . . . , w s )] is from the first order deformation of smoothing a node, which is normal to the subspace S.
2 is tangential to the codimension one sublocus S at [(f, C, z 1 , . . . , z r , w 1 , . . . , w s )]. For the ev map's rank dimension calculational purpose, we may ignore the term
2 because the changes in the image of the ev i map are decided by the local deformation around the i-th marked point, i.e., the normal deformations and the marked point deformations. dev | T S may be written as follows:
Assume that r is strictly less than 3d 1 − 2 and none of d 1 , d 2 are zero. Then, the following holds:
• dev maps onto the first r components T f (z 1 ) CP 2 × . . . × T f (zr) CP 2 because the rank of H 0 (C 1 , N 1 ) is 3d 1 −1 which is bigger than a number of maximum possible marked points 3d 1 −3 on C 1 in our assumption and and none of s | z i , i = 1, . . . , r belongs to the subspace generated by {df | z 1 (v 1 ), . . . , df | zr (v r )}.
• {t | w 1 , . . . , t | ws } generates a dimension 3d 2 − 1 subspace in T f (w 1 ) CP 2 × . . . × T f (ws) CP 2 because the rank of H 0 (C 2 , N 2 ) is 3d 2 − 1 and a number of marked points s on C 2 is bigger than 3d 2 − 1 .
is not in the subspace generated by {t | w 1 , . . . , t | ws }.
So, dev maps onto the subspace of dimension r+(3d−1)+(3d 2 −1). Since r+(3d 2 −1) is strictly less than 3d − 3, dev restricted to T S maps onto the subspace of codimension strictly bigger than 2. Suppose that either d 1 or d 2 is zero, say d 1 . Then, the following holds:
• A number r of marked points on C 1 is at least two because f 1 is a constant map on C 1 and df | z i , i = 1, . . . r, is trivial.
• A maximum possible number of marked points on C 2 is 3d − 3 and {df | w 1 (v
because the rank of H 0 (C 2 , N 2 ) is 3d − 1 which is bigger than the codimension of the subspace V generated by {df | w 1 (v
From the last two, we see that dev | T S maps onto T f (w 1 ) CP 2 × . . . T f (ws) CP 2 . So, the dimension of dev | T S is less than or equal to 1 + 2(3d − 3). It shows that dev | T S maps onto a codimension strictly bigger than two. Since dev | Tq 1 C 1 ⊗Tq 2 C 2 has a dimension at most one, we proved the first part of Proposition. A similar dimension count shows that the codimension of dev | T S is exactly one. dev vanishes because we may assume that all marked points are located outside of a small neighborhood of the node by adjusting a normal direction's neighborhood in T q 1 C 1 ⊗ T q 2 C 2 if necessary. More precisely, the smoothing node deformation is only about the modifications of the domain curve near node, without changing other part of the stable maps. Thus, when a stable map deforms to a smoothing node deformation direction, the ev map keeps constant. That implies vanishing differential and the trivial index. 2 Remark 2.9. On the singular locus considered in Proposition 2.5 (ii), the intersection multiplicity cannot be counted. The pointed stable maps whose i-th marked point goes to a i , i = 1, . . . , 3d − 1, become a 1-parameter family near this singular locus because the index of the ev map is zero. This 1-parameter family is locally modeled by T q 1 C 1 ⊗ T q 2 C 2 . That is, the kernel of dev is T q 1 C 1 ⊗ T q 2 C 2 . However, if the singular domain curve is smoothed enough and we perturb the 3d − 1 points to normal to the image of the singular locus in discussion, then the way to deform the stable map is uniquely decided by the way to perturb the 3d − 1 points. The singular loci discussed in Proposition 2.5 (i) are not interesting cases for discussions about a real enumerative implication of the transversality properties.
We will say the situation in Proposition 2.5 (ii) as 'the transversality property is not established'. Theorem 2.3. Let p be a point in ev Proof. Proposition 2.3, Remark 2.3, Remark 2.9 show that the intersection multiplicities of the points in ev −1 (v 1 ) ∩ . . . ∩ ev −1 (v 3d−1 ) of the chosen ordered Chow 0-cycles representatives are one in the nodal stable maps, the tacnode or triple node stable maps locus. And Proposition 2.5 implies the codimension one reducible domain curves locus are the locus either the transversality property is not established or the dimension of the cokernel is strictly bigger than one.
Let v be a non-zero vector in coker(dev
. . , a 3d−1 )] is a cuspidal stable map. Then, the vector v is associated to one point (v 1 , . . . , v 3d−1 ) in CP 2 × . . . × CP 2 by considering an analytic normal chart. That is, v corresponds to an exactly one ordered Chow 0-cycles representative. However, we have two vectors w 1 , w 2 in τ which map to v because of the ramification degree from the normal bundle of the cuspidal stable maps locus to the cokernel of dev. See Proposition 2.4. For each
). That implies we have two, pointed stable maps in the neighborhood of [(f, CP 1 , a 1 , . . . , a 3d−1 )], for the one chosen Chow 0-cycles representative which corresponds to a perturbed critical value by the non-zero vector v. But if v = 0, then [(f, CP 1 , a 1 , . . . , a 3d−1 )] is the unique pointed stable map in the inverse image of the corresponding point to v = 0 in a small analytic neighborhood of [(f, CP 1 , a 1 , . . . , a 3d−1 )]. This shows a degree 2 ramification along a cuspidal stable maps locus. And that implies the intersection multiplicity along a cuspidal stable maps locus is 2. Thus, a transversality uniformly fails along a cuspidal stable maps locus. 2
Remark 2.10. Let's consider a natural morphism F from PN L 3d−1 ⊆ M 3d−1 (CP 2 , d) to the partially compactified Severi variety PN S with equi-singular codimension 1 strata by forgetting maps and a map in Proposition 2.2, where PN L 3d−1 is the union of a nodal stable maps locus, a cuspidal stable maps locus, a tacnode or a triplenode stable maps locus in M 3d−1 (CP 2 , d). We can state the similar statement to Proposition 2.2. It is easy to see that forgetting maps are submersions on PN L 3d−1 from Lemma 2.1. If we forget an i-th marked point, the differentiation of the forgetting map at any given pointed stable map is a natural projection map to the tangent space at the image of the given pointed stable map which has one less factor due to a missing T a i CP 1 . Thus, there is a degree 2 ramification map from the normal bundle of the cuspidal stable maps locus in M 3d−1 (CP 2 , d) to the tangent cone along the cuspidal curves locus in PN S.
That map at the given cuspidal stable map [(f, CP 1 , a 1 , . . . , a 3d−1 )] can be described as
1 ,a 1 ,...,a 3d−1 )] ) → a tangent cone in the versal deformation space.
Let's consider the implications of Proposition 2.3 in a real enumerative geometry. We concentrate on the real part M 3d−1 (CP 2 , d) re of M 3d−1 (CP 2 , d). Different from the complex case, codimension one loci subdivide M 3d−1 (CP 2 , d) re into chambers. The rank of the cokernel of an evaluation map ev says that the image of the cuspidal stable maps locus has codimension one. Thus, the image of the cuspidal stable maps locus subdivides the real part
That is, there is a notion of chambers in the real Chow 0-cycles representatives space RP 2 × . . . × RP 2 . From the proofs of Propositions in this section, we see that the number of intersection points in ev
re doesn't vary for general points (a 1 , . . . , a 3d−1 ) in the chamber in RP 2 × . . . × RP 2 because the transversality property implies a one way real deformation decided by a real perturbation of the real Chow 0-cycle's representatives. See Proposition 2.3.
Thus, we have the following notions:
• A chamber in the real Chow 0-cycles parameter space is a connected space such that any two points can be connected by a path which doesn't intersect with the image of the cuspidal stable maps locus.
• We can assign a number on each chamber in the real Chow 0-cycles parameter space which counts a number of points in ev
) re and will call it as a real Gromov-Witten invariant on the chamber.
• The walls in M 3d−1 (CP 2 , d) re are the codimension one loci on which transversality uniformly fails, that is, the cuspidal stable maps locus.
• The walls in RP 2 × . . . × RP 2 are codimension one loci which is the image of the cuspidal stable maps locus.
The following two Corollaries imply the differences of the real Gromov-Witten invariants in adjacent chambers are exactly two. And the walls in
2 are the place we gain or loose two real solutions.
be a path satisfying the followings:
• The path p is tangential to the vector v at p(0).
• p ([−1, 0) ) is sitting in one chamber and p((0, 1]) is sitting in an adjacent chamber. (ii) If i = α, β, then for each i, there exists a unique j(i) ∈ {1, . . . , RGW (C ′ )} such that 
defines an extended path having a domain [−1, 1] ,
In a real algebraic point of view, we have two notions of node singularities.
• A non-isolated node is a node whose local equation is z 2 − w 2 = 0 or zw = 0 by real coordinate changes, i.e., the local intersection of two real branches.
• An isolated node is a node whose local equation is z 2 +w 2 = 0, by real coordinate changes, i.e., the local intersection of complex conjugate branches.
The following example shows that refined sense's real singularities induce different global topological invariants in the real part of image curves. However, they don't have a topological implication in complex curves.
Example 2.2. Let T isol be a rational real nodal curve of degree 3, having an isolated node and T non−isol be a rational real nodal curve of degree 3, having a non-isolated node. We want to explain they are isomorphic in a complex sense. Let T be a real torus, i.e., a smooth torus in CP 2 represented by a degree 3 real polynomial. Then, T has two generators α, β in the fundamental group of T . The self-automorphism sending α to β and β to α induces a diffeomorphism between T isol and T non−isol because if T isol is gotten by trivializing a generator α, then T non−isol is from trivializing a generator β. The Euler characteristics χ(T isol ), χ(T non−isol ) are one. However, the Euler characteristic of the real part of T isol is 1 and that of the real part of T non−isol is −1.
Remark 2.11. 1. The cuspidal singularity is from the trivialization of the two consecutive generators in a smooth torus of a genus g. If trivializing one generator created Figure 5 . Singular torus having an isolated node Figure 6 . Singular torus having a non-isolated node an isolated node, then trivializing the adjacent generator creates a non-isolated node. Thus, a topological transition in the real part of image curves happens whenever we pass through the wall in M 3d−1 (CP 2 , d) re . And the number of isolated nodes changes only when we pass through the wall. The changes in the number of isolated nodes is exactly one. 2. Inverse images of an isolated node are a complex conjugate pair's points in the domain curve of the stable map and inverse images of a non-isolated node are two real points in the domain curve of the stable map. When we approach to a cuspidal stable map, either a complex conjugate pair's inverse image or two real points' inverse image approach to a real point in the domain curve. After we cross the wall, that multiplicity two real point which was the inverse image of the cuspidal singularity splits into either two real points' inverse image or a complex conjugate pair's inverse image in the domain curve.
General points in each chamber in M 3d−1 (CP 2 , d) re consist of pointed nodal stable maps. Remark 2.11 explains that the cuspidal stable maps locus divides M 3d−1 (CP 2 , d) re into chambers having the same topological type's real nodal image curves. Whenever we pass through the real part of the cuspidal stable maps locus, topological transitions of the real part of image curves happen. Let f (C) and f (C ′ ) be stable map's images in adjacent chambers in M 3d−1 (CP 2 , d) re . Then, the number of isolated nodes in f (C) is one less or one more than that of f (C ′ ). This observation lead J-Y Welschinger to make his invariant [Wel] which counts the global minimum bound for real Gromov-Witten invariants in a symplectic category. We get the same minimum bound result in an algebraic category. The cases we consider in this paper naturally produce minimum bound results for I ([point] 
k the number of real stable maps in ev
Proof. Corollary 2.1 and Remark 2.11 imply that we gain or loose two stable maps whose number of isolated nodes differ by one. The sign (−1) k in the equation MGW makes us to cancel the gaining or loosing pairs of real stable maps when we count the number of stable maps in ev
is path connected, that equation gives us a global minimum bound and the value of the equation doesn't vary depending on the choice of 3d − 1 points. 2
Remark 2.12. Theorem 2.3 partly holds if a domain curve of the moduli space of stable maps has a genus greater than zero. In higher genus cases, transversalities uniformly fail along a cuspidal stable map's locus. That is the place where the stable map f has a unique singularity. That failure of the transversality may be explained by using a regularity of the versal deformation space related to the partially compactified classical Severi variety of geometric genus g ≥ 1. However, different from the genus 0 case, that doesn't necessarily imply that the cuspidal stable map's locus is the unique locus having a codimension ≤ 1 on which transversality uniformly fails. To see that, we recall that the convexity condition, H 1 (CP 1 , f * T CP 2 ) = 0, is only about the genus 0 stable maps. And the vanishing of the first sheaf cohomology doesn't necessarily happen for the higher genus case. The calculation we have done in Lemma 2.1 is no more valid. Non-vanishing H 1 (CP 1 , f * T CP 2 ) causes the longer exact sequence associated to the hyperext group 
When we do a K-group calculation for the tangent space splitting and consider a differentiation of the evaluation map, two terms before the hyperext group
create the degree 2 ramification at the skyscrapper sheaf of the normal bundle supported by a singular point if f is not an immersion. But the transversality properties are not only related to the stable map deformations but also related to the domain curves deformation. Obstructions in deforming a given stable map may happen from the domain curve's deformation. Other way to see that is from the construction of the moduli space of stable maps in [F-P] . The moduli spaces of stable maps from genus g curves is constructed by gluing the pieces of quotients of projective varieties constructed by fibrations over substacks of the genus g Deligne-Mumford moduli space. Note that the genus 0 Deligne-Mumford moduli space is a smooth manifold which is a fine moduli space. But, the higher genus Deligne-Mumford moduli space is a coarse moduli space whose geometric structure is already not nice. However, how a domain curve's genus condition creates other type's codimension one critical points is still unclear.
Remark 2.13. Consider a P GL(3; C) group action on CP 2 . Since it is an automorphism on CP 2 , P GL(3; C) preserves a type of singularities and a degree of image curves. Thus,
. . , a 3d−1 )], where g ∈ P GL(3; C). There is a diagonal group action on CP 2 × . . . × CP 2 by (p 1 , . . . , p 3d−1 ) → (g(p 1 ), . . . , g(p 3d−1 )), where g ∈ P GL(3; C). An evaluation map ev is an equivariant morphism with respect to P GL(3; C) action on M 3d−1 (CP 2 , d) and the above P GL(3; C) action on CP 2 × . . . × CP 2 . Note that P GL(3; C) commutes with natural anti-holomorphic involutions on
, where P GL(3; C) re is a real part of P GL(3; C). ev re is an equivariant morphism with respect to P GL(3; C)
. . , a 3d−1 )] be a pointed nodal stable map in ev
re is an equivariant morphism and P GL(3; C)
re preserves a type of singularities, the orbit of p which is a continuous family is always sitting inside a chamber in M 3d−1 (CP 2 , d). Similarly, if p is in ev re−1 1 (Λ 1 ) ∩ . . . ∩ ev re−1 3d−1 (Λ 3d−1 )∩ cuspidal stable maps locus, then the orbit of p is always sitting inside of the wall in M 3d−1 (CP 2 , d). On the other hand, the orbit of (Λ 1 , . . . , Λ 3d−1 ) is always sitting either only inside a chamber or only inside a wall. Remark 2.14. Let l be the number of non-zero d i and m be the number of trivial
k (Λ k ) of the ordered Chow cycles representatives meet transversally at the Gromov-Witten invariant number of points. It is easy to see that 3d − 1 marked points are the minimum number of marked points producing a non-trivial Gromov-Witten invariant.
re be the subset in CP(d 1 , . . . , d k ) such that each element represents the set of real cycles representatives ev
re may be slightly smaller than the real part of CP(d 1 , . . . , d k ) because an element in the real part represents a variety defined by a real polynomial and sometimes, real varieties don't have a real part, for example, a real variety defined by a real polynomial
re satisfy the conditions we considered in sec. 2.2.1. And a number of real intersection points in ev
re . Different from CP(0, . . . , 0) re case, the geometry of chambers and walls in CP(d 1 , . . . , d k )
re becomes unclear because we cannot give a morphism from
re is not identifiable to the local deformation space of the pointed stable maps. Thus, there are no corresponding notions of walls and chambers on the moduli space of stable maps and on the cycle's parameter space.
But the following well-known real transversality principle guarantees the existence of walls and chambers on the cycle's parameter space:
Small real perturbations of a transverse intersection preserve transversality as well as the number of real and complex points in that intersection.
By a wall W, we mean a codimension one locus in
re such that one of elements in ev
have an intersection multiplicity 2 and all other points in that intersection have an intersection multiplicity one, where Λ 1 , . . . , Λ k are ordered cycles represented by an element (λ 1 , . . . , λ k ) in W.
By a chamber in CP(d 1 , . . . , d k ) re , we mean a path connected analytic open subset such that we can connect any two points by a path which doesn't intersect with W. That path may be covered by finite open analytic charts consisting of elements representing ordered real Chow cycles representatives whose inverse images meet transversally at the same number of real points because of the real transversality principle. So, we may assign a number on each chamber indicating a number of real intersection points which we will call as a real Gromov-Witten invariant on a chamber.
More precisely, let (λ 1 , . . . , λ k ) be a general element in a given chamber C ⊆ CP(d 1 , . . . , d k ) re representing ordered cycles representatives Λ 1 , . . . ,
The following is the generalized version of Theorem 2.3.
Theorem 2.4. Let p be a point in ev 
. . , b k )] satisfies the following:
where NB is a normal bundle of a cuspidal stable map. Then, τ parameterizes the first order deformation which is normal to the cuspidal stable maps locus. We can easily see that we get canonical two way deformations to τ direction as we vary λ i , i = 1, . . . , 3d − 1, where (ii) comes from a similar proof. But if we eliminate a transversality condition, then a stable map represented by p may meet some Λ i tangentially at f (b i ). If that happens, then a perturbation of Λ i produces an intersection multiplicity amount of intersection points. So, we get canonical r ways marked point deformation if r is an intersection multiplicity. It implies that the multiplicity at a point p is more than 2. So, the transversality fails. 1 , a 1 , . . . , a k )] is an intersection point having a multiplicity more than one.
Remark 2.9 and similar arguments show that there is no non-transversal property on the codimension one sublocus of pointed stable maps having two irreducible components in a domain curve.
2
For a general case, the notion of walls in the cycles parameter space comes from the following reason:
• the nature of singularities of the stable maps: the cuspidal stable maps locus contributes to one of the wall notions in the cycles' parameter space.
• the tangency conditions: we need to calculate the codimension condition in the classical nodal Severi variety which satisfies a tangency condition for a given codimension one subvariety in CP 2 representing one of the chosen ordered cycles. This condition prevents us from getting a generalized Welschinger's invariant because gaining or loosing real stable maps may be related to marked points deformation, which doesn't have any topological significance. But if a tangency condition for a given degree's variety produces the codimension more than one condition, then we still can get a generalized Welschinger's invariant. We present an example of a cycles parameter space whose wall notions are clearly understood. The following example is the case we cannot get a generalized Welschinger's invariant. Remark 2.16. Results in this section imply that the transversality properties on M k (CP 2 , d) are closely related to the smoothness of the relevant parameter space for image curves of stable maps, that is, the partially compactified Severi variety PN S. When the parameter space is smooth around the point representing a rational plane curve passing through the given 3d − 1 points, a 1 , . . . , a 3d−1 , the first order deformation is uniquely decided depending on the small perturbation of the given points, i.e., trivial cycle [point]'s representatives, where [point] is the generator of H 4 (CP 2 ; Z). The Bézout's Theorem shows a natural possible marked point's replacement for the rest of the points if a number of the marked points k is bigger than 3d − 1. And we see that perturbations of the ordered non-trivial cycles d i [line] representatives don't cause any reason for the transversality failing situations, if the image curve meets with the non-trivial cycle transversally. On the other hand, the tangency condition sometimes forms a wall notion. However, if the curve C has a cuspidal singularity, then the first order versal deformation of the image curve is not the subspace of the moduli space's tangent space because the versal deformation space of a cusp singularity becomes singular at that point. We cannot extend the normalizations of the fibers of the universal curve to the cuspidal curve and that normalization is possible only after we change the base. The relation between the versal deformation space and the normalized space was related to the ramification from the skyscraper sheaf τ in a normal sheaf at the singular point of the cuspidal stable map to the tangent cone in the versal deformation space at the cuspidal curve. And then, that ramification order was naturally related to the intersection multiplicity along the cuspidal stable maps locus.
3. Transversality properties and its real enumerative implications on the moduli space of stable maps from a genus 0 curve to the smooth rational projective surface
We extend results in the sec. 2 to non-singular rational projective surfaces . Every non-singular rational projective surface is either deformation equivalent to CP All results in this section may be shown in straightforward ways by analyzing the differentiation of an evaluation map ev on each equi-singular locus in the moduli space of stable maps. But we show the results by relating the moduli space of stable maps and the classical Severi variety. The reasons are explained in Remark 2.16. Of course,M 0 (rCPprojection map from N U to N V. Then, p | π −1 (a) is birational onto its image, where a ∈ N V. In fact, p | π −1 (a) is an immersion.
• If C is any curve in CP 1 × CP 1 , then C intersects transversally with curves represented by general elements in N V. The 1st and the 2nd results give us a canonical morphism from the classical variety to the open sublocus in M 0 (CP 1 × CP  1 , (a, b) ). And the immersion condition in the 2nd result and the 3rd result explain the possible marked points replacement for the enumerative implication of the Gromov-Witten invariant on M k (CP 1 ×CP  1 , (a, b) ). The classification of the equi-singular codimension one subloci in M k (CP 1 × CP 1 , (a, b)) and geometric properties can be described in a same way as in Lemma 2.2. And then, the (non-) transversality results for the I (a,b) ([point], . . . , [point] ) and the Welschinger's invariant follow. All other generalized non-transversality properties are the same as in sec. 2.2.3.
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